Abstract. This paper is mainly concerned with a representation theorem for almost /-algebras.
Introduction
The theory of almost /-algebras, introduced by Birkhoff in 1967 [5] , has been, in our opinion, really launched in 1981 thanks to the fundamental paper of Scheffold [13] , in which the author established the following representation formulas: let X be a compact Hausdorff space and C (X) be the Banach algebra of real continuous functions on X and assume that C (X) is furnished with an almost /-algebra multiplication *. Then there exist a family of positive measures {¡jl x : x E X) and a positive function ( € C (X) such that x hold for all x € X and f,g 6 C (X).
Recently in the important article [8] , Buskes and van Rooij generalized the Scheffold result to the more general structure of almost /-algebras as follows: let A be an Archimedean almost /-algebra with respect to a multiplication *. Then there exist (i) an extremally disconnected compact Hausdorff (or Stonean) space X\ (ii) a lattice homomorphism a from A onto an order dense vector sublattice of C°° (X) (the Banach algebra of all continuous functions ip : X -> [-oo,+oo] for which the open subset {x : <p(x) ^ ±00} is dense in X)\ (iii) a positive operator T from the linear span of {a (/) tr(g):f,ge A} in C°° {X) into A\ and (iv) 0 < C € C°° (X), hold for all f,g,h G A. The proofs of the aforementioned results both rely on the representation theory (i.e., they use theorems to the effect that the vector lattice under investigation has an "isomorphic" copy, the elements of which are real continuous functions). Our principal purpose in this paper is to establish an abstracted version of the Buskes and van Rooij theorem. In contrast to the original approach of Buskes and van Rooij, our approach is purely order theoretical and algebraic in nature and doesn't involve any representation theorems.
Preliminaries
Throughout this paper, we use the unavoidable work [1] as a starting point and we refer the reader to this monograph for unexplained terminology and notations about vector lattices and order bounded operators. All vector lattices and lattice-ordered algebras under consideration are supposed to be Archimedean.
Let us recall some of the relevant notions. A (real) vector lattice (or Riesz space) A which is simultaneously an associative algebra with the property that fg > 0 for all 0 < f,g € A (equivalently, \fg\ < |/| for all f,g £ A) is called a lattice-ordered algebra (Riesz algebra, briefly i-algebra). The lalgebra A is said to be an /-algebra whenever / Ag = 0 and 0 < h 6 A imply fhAg = hfAg = 0. An almost f-algebra A is an ¿-algebra with the additional property that / A g = 0 in A implies fg = 0 (equivalently, |/| 2 = f 2 for all / 6 A). An ¿-algebra A is called a d-algebra whenever / A g = 0 and 0 < h € A imply fh A gh = hf A hg = 0 (equivalently, \fg\ = |/| for all /, g G A). Any /-algebra is an almost /-algebra and d-algebra, but not conversely. An almost /-algebra needs not be a d-algebra and vis versa. Both /-algebras and almost /-algebras are automatically commutative and have positive squares but these properties fail in d-algebras. A d-algebra which is commutative or has positive squares is an almost /-algebra. More about almost /-algebras and (¿-algebras can be found in [2] , [9] and we refer to [11] for basic concepts concerning /-algebras.
In the next lines, we recall the definition and some elementary properties of orthomorphisms. Our main reference is [11] . An orthomorphism of the vector lattice A is an order bounded operator ir on A with the property that Let us recall some facts about the universal completion of a vector lattice. A Dedekind complete vector lattice is called universally complete whenever every set of pairwise disjoint positive elements has a supremum. Every vector lattice A has a universal completion A u , meaning that there exists a unique (up to a lattice homomorphism) universally complete (and therefore Dedekind complete) vector lattice A u so that A can be identified with an order dense vector sublattice of A u . Moreover, A u is furnished with a canonical multiplication, under which A u is an /-algebra with unit element. Since we wish to avoid representation in this paper, we adhere to the representationfree approach to the existence of universal completion presented in [1, §8, Exercise 13] .
At this point, let A 6 be the Dedekind completion of the vector lattice A. The closure of A in A 6 with respect to the (relatively) uniform topology is a uniformly complete vector lattice denoted by A ru (for definition and basic properties of the (relatively) uniform topology we refer to [10, §16] On the other hand, it is well-known that if A is an ¿-algebra then the multiplication in A extends uniquely to a multiplication in A TU in such a fashion that A ru is again a (uniformly complete) ¿-algebra. Moreover, if A is an /-algebra (respectively, almost /-algebra, (¿-algebra) then so is A ru (for details see [14, Theorem 3.4] ). For these reasons and for the sake of notation's simpleness, we can assume, without loss of generality, that all vector lattices and ¿-algebras considered in this work are uniformly complete. Now, let A be an /-algebra with respect to a multiplication *. In the next theorem, we will establish a relationship between the product / * g of two elements f,g G A and their product fg in the /-algebra A u , the universal completion of A. P r o o f. It is well-known that the multiplication * in A extends uniquely to an /-algebra multiplication in the Dedekind completion A s of A in such a manner that A becomes a subalgebra of A s (for details see [4] , [11] Obviously, r is a positive operator. Let / G A and g G A u such that / Ag = 0 in A u . We claim that (2.1) T (/) A g = 0 in A u and therefore r is, in particular, a lattice homomorphism. To show this, define 7r s G Orth (A") by putting n g (h) = gh for all h G A u . So and we are done.
• Note that Theorem 1 shows, in particular, that the multiplication * in A extends uniquely to an /-algebra multiplication in the universal completion A u of A so that A is a subalgebra of A u . The next paragraph deals with the set of multiplicative operators in an almost /-algebra A, whose multiplication will be denoted by *. For every / E A, we associate a (/) the element of £& (A) defined by 0"(/) (9) = f*9 for all g E A. Observe that cr(/) = cr(/+) -cr(/~) and therefore a (/) is a positive operator as soon as 0 < / E A. We obtain immediately that the map
is a positive operator, the range of which will be denoted by a (A). Recall that A is assumed to be uniformly complete. Therefore a (.A) is also uniformly complete. This follows from the fact a is a lattice homomorphism (see [ 
10, Theorem 59.3]).
Combining Theorem 1 and Theorem 2, we obtain straightforwardly the next corollary, which turns out to be useful for later purposes.
Corollary 1. Let A be an almost f-algebra with respect to a multiplication *. Then there exists a positive element ( in the f-algebra a (A) u , universal completion of a (A), such that <r (/ * 9) = <r if) o a (g) = (a (/) a (g) for all f,g G A (the multiplication in a (A) u is denoted by juxtaposition).
Finally, we state a proposition, which is important in the context of our problem. For the proof, see [ = 0,1,..., 2 n J, n € {0,1,...}   (for details we refer to [3,  §2]). Since a-(A) is also uniformly complete,  S (a (/) ,cr(g)) exists in a (A) . Furthermore ,g) ).
A representation theorem for almost /-algebras
Indeed, we have
because a is a lattice homomorphism. On the one hand, it is easily checked that the sequence a (Sn (/, g)) converges uniformly to a (S (/, g)). Moreover, Sn (cr (/), a (g)) converges uniformly to S (a (/), a (g)).
The formula (3.1) follows from uniqueness of uniform limits. We have gathered now all ingredients for the main result of this paper. 
Consider now the universal completion a (A) u of a (A). We recall that <7 (A) u is an /-algebra with unit element, multiplication of which will be denoted by juxtaposition. It follows immediately from Proposition 1 that the set
<r(A)p = {a(f)a(g):f,geA}.
THEOREM 3. Let A be a vector lattice, equipped with a multiplication *. Then A is an almost f-algebra with respect to * if and only if there exist (i) a universally complete f-algebra B with multiplication denoted by juxtaposition; (ii) a lattice homomorphism a from A into of B such that B is the universal completion of a (A); (iii) a positive operator T from o (A)p into A\ and (iv) a positive element £ of B, such that
It follows from (3.1) and (3.4) that
Moreover, it shown by the first author in [6, Theorem 3.1] that
Therefore, combining (3.5) and (3.6), we get
Consequently, T is additive and so it extends uniquely to a positive operator from cr(A) p into A [1, Theorem 1.7] . This extension is denoted again by T and satisfies
The proof of (3.2) is now complete. At this point, it is shown in Corollary 1 that there exists 0 < ( £ B = a (A) u such that
for all f,g e A. Consequently,
holds for all f,g,h € A and the proof of the theorem is now complete.
• Since any commutative d-algebra is an almost /-algebra, we obtain a similar result for commutative d-algebras. The details follow. Proof. Assume that A is a commutative d-algebra with respect to the multiplication *. Since any commutative d-algebra is an almost /-algebra, we can apply Theorem 3 to A. So, take B, a, T and £ as previously defined in the Theorem 3. We claim that T is a lattice homomorphism. To this end, let f,g e A. So
\T(a(f)a(g))\ = \f*g\ and, as A is a d-algebra, we obtain

\T(a(f)a(g))\ = \f\*\g\ = T(a(\f\)a(\g\)) = T(\a(f)\\a(g)\) = T(\o(f)a(g)\) as required.
The converse of the corollary is obvious.
•
The Dedekind completion of almost /-algebras
In the survey paper [9] it was conjectured by Huijsmans that if A is an almost /-algebra (respectively, a d-algebra) then there exists a multiplication in the Dedekind completion A 6 of A, extending the multiplication in A, such that A 6 is an almost /-algebra (respectively, a d-algebra) with respect to this extended multiplication. This conjecture has been proven by Buskes and van Rooij in [8, Theorem 4.1] for the class of almost /-algebras. However, their proof makes use of representation theory which, as previously mentioned in the introduction , we wish to avoid in this work. For this reason, we reproduce this proof using purely algebraic and order theoretical means. We proceed to the details.
THEOREM 4. Let A be an almost f-algebra. Then the multiplication in A extends to an almost f-algebra multiplication in
Proof. Consider B, a, T and £ as previously defined in the Theorem 3. In view of [ We assert that A 6 is an almost /-algebra with respect to the multiplication * defined by (4.1). The difficult paxt of the proof is to establish that * is associative. To do this, let 0 < /, g 6 A 6 . As cr(A) is order dense in B and therefore in a (A holds for all r. According to the order continuity of the /-algebra multiplication in B, we get Conversely, since a (A) p is majorizing in a , there exists 0 < a, ¡3 € A such that a (/) a(g) < a (a) a (/?) and so 0 < a (a) a (/?) -a (/) a (g) G a {A s ) p . On the other hand, it follows from Proposition 1 that a (A & ) p is a vector sublattice of B with a as positive cone. Therefore, there exists 0< he A 6 such that a (a) a (f3) -a (/) a (g) = a (h) 2 . Hence, by (4.2), we get and the theorem follows.
• So far we are unable to prove or disprove the corresponding result for the class of «¿-algebras, the main reason being that a (¿-algebra needs not be commutative. This means that the method used for almost /-algebras does not work in the case of d-algebras. Nevertheless, if we impose this additional condition then the situation improves as it is shown in the following corollary. 
